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Review of minimal models
Chiral algebra is the Virasoro algebra
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Enter the Coulomb gas
Consider free CFT with c =1 — 12@% defined by

1 .
S=1e- /de NG {(aaxf +2V2iaoRX + V 5, + Vi,
Primaries with respect to U(1) are given by
Vi(z,z) = X2 g = (8 — V2ay).
Use (X(z,2)X(0,0)) = —4log |z| and Wick's theorem to derive

i |241*% 5,8 = V200

0 otherwise

(Vg (z1,21) ... V3, (2n, Zn)) = {

E.g. for ap = 2\f (Ising model), € is either § = ——= 75 O B = ﬁ.

Works if and only if ay = —/ ; m;gl and a_ = %
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T(2) = WO (2) = 025(S2S°)(2),  WO(2) = dape(S(J°J))(2),

or quantum Drinfeld Sokolov reduction.
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W-minimal models
Simplest W-algebra in [zamolodchikov; 86] is part of an ADE family. Can
define using coset construction W[§] = %‘iﬁ“, Casimir construction
T(2) = WO (2) = 0ap(J7S%)(2),  WO(2) = dabe(S2(S°))(2),

or quantum Drinfeld Sokolov reduction.

® Admit integrable deformations as in [zamolodchikov; 87] .

® Describe critical points of lattice IRF models [pate, Jimbo, Miwa, Okado; 86] .

® Appear in examples of holographic duality [Gaberdiel, Gopakumar; 1011.2986] .

For charges solving a3 — apax = 3, now ¢ = rank(g) — 24ap® and
hoay = (B By — 2000), By = — D e i + a- N w;
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Multi-component Coulomb gas
Free field realization of Virasoro minimal models looked like
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Multi-component Coulomb gas

Free field realization of W([g] minimal models looks like

1 2
S = Tor /dz\f

with the correspondence

(0 Xi )2 +4iagR(p, X) + Z(Vawﬁ + Vo a;)

S0 (2.2) 0 Nihyy Vi (2, 2) = NGl e o 20E2),

Note that VB(M/) and V2O‘010_ﬁ(*>\;/\/) map to same primary with
inverse normalizations. In order to compute Cj 3,
NN NP CP o = (Vg Vg, Vaagp—ps - - ) NF = (ViViVaggp...)
NoNsNi ' Co g = (Vi Vg Vaagp—: ) N3 = (VaVaVaaep . ..)
NsNiNy ' C3 1 = (Vi Vg Vaagp—s --- ) N3 = (VaV3Vau,p...)



Useful integrals
Building blocks in terms of v(z) = I'(z)/I'(1 — z) are
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Ka(o, B) = /d221d222 (Iz1]|z1 — 1|22l |22 — 1])**|222]*

_ 271_27(26) (o + 1)2 Y+ B+ 1)2
7(/8) 7(205 + 8+ 2) 7(204 + 28+ 2)

[Symanzik; 72] [Paulos, Rychkov, van Rees, Zan; 1509.00008] . Directly useful when each
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Limits to this method

Despite some generalizations ([Fukuda, Hosomichi; hep-th/0105217]
[Fateev, Litvinov; 0709.3806] ), three basic families are out of reach.

1. Weights too large and too far from extremality. E.g. if Cgﬁ is

.. N3 . . .
non-trivial, CNB,NB requires N times as many of each screening

charge.

2. Norm is already too complicated for all fundamental representations.
Happens for ¢ .vv-h-ere simplest norm N(20;17070,07070) = N(20;070707071’0)
requires multiplicities of 2, 3, 4, 3, 2, 2.

3. Norms which are not too complicated might form a closed
subsector. Happens for tensor representations of 0.
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Are we stuck?

At small central charge, large weights can be equivalent to small
weights or outside the Kac table. At large central charge, consider
e-expansion of integral where € = 202 — 1.

These are conformal integrals (>, A; = d). After using
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expansion of Mellin-Barnes |ntegral can be done with MB.m
package [Czakon; hep-ph/0511200] . See also [Yuan; 1801.07283] .
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Screening 4pt functions instead
With 4pt functions of the form

(600 O (2 D2y Dy (0)) = ZX (=

i(2) = Njz" 200 [1 4 0(2)]

WE CaN USE [Dotsenko, Fateev; 84] [Dotsenko, Fateev; 85] . If we can COmpUte all N_]
and express

Z Fili(2), T —2) = Rz~ Pomd ™" [1 4 0(2)]

1. Killing (1 — z)"(1 — 2)™ terms fixes % = gk:((,fi:)):i

c c 2
. ALADALA]) T2iA5) (AN, N7 X;
2. Norms allow us to write -2 l)c(kz 2222 X
LADALAD “(2iAb)(A2in5) ke 7k

. (0;0) (0;0) _ .
3. Identity term C(Al;/\i)(/\l:/\;)C(Az;/\g)(/\z:/\g) = 1 completes solution.
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Build integrals using (V3,(z1) .. V3,(z)) = [1;; zéﬂiﬂj
operators that require only V 5, (t),
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Ordered vs unordered integrals

Switch between
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From Virasoro to W-algebras

Complete Virasoro solution allows us to go back and compute

n
/d221 .. .d2z,7 H |Zi|2a|Zi - 1’26 H ’Zij|47-
i=1

i<j

(B.10), are divergent, in general, and have to be regularized somehow. We defined
and calculated them by actually reducing them back to the contour integrals of the
preceding sections and appendix A.
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From Virasoro to W-algebras

Complete Virasoro solution allows us to go back and compute

n
2 2 2a 2 4
/d 2. &z [ [ 12PNz — 1P ] ] 1z5/*-
i=1 i<j

(B.10), are divergent, in general, and have to be regularized somehow. We defined

and calculated them by actually reducing them back to the contour integrals of the

preceding sections and appendix A.
Perhaps norms for W-algebras are simple [Muknhin, Varchenko; 2000] .
A few generalized Selberg integrals are in [warnaar; 0708.1193] [Warnaar; 0001.4176] .

s = [ e g A

—ioco

Use MB.m to extract most singular term in € = 2a? — 1.
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Deforming different types of screening charges

Explicit examples seem to be quite recent
[Belavin, Estienne, Foda, Santachiara; 1602.03870] [Coman, Pomoni, Teschner; 1712.10225] .
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Explicit examples seem to be quite recent
[Belavin, Estienne, Foda, Santachiara; 1602.03870] [Coman, Pomoni, Teschner; 1712.10225] .
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Deforming different types of screening charges

Explicit examples seem to be quite recent

[Belavin, Estienne, Foda, Santachiara; 1602.03870] [Coman, Pomoni, Teschner; 1712.10225] .

((0:1,1)9(0:1,0)P(0:1,1)P(0:1,2)) = %dtldté [t1(ts — 2)(

tp interval | t, interval

2
tp — D)to(ta — 1)t10] 722~

(=00,0) ). (t1,0), (0,1), (1,
(072) ) )' (0 tl) (tlv )'(

)

(1,00)

(=00, 1 o0)
(—00,0 o0)
(z,1) | (=0,0), (0, 1), (t1,1), (1,00)
(=00,0), (0,1), (1, 1), (t1,00)

Imagine our integrand is [tl(tl — Z)(t3 — 1)t12t13t23]_2 -

- -@—

17T 71 [T T T 1 1
—00 ty t1 0 2z t3 1 o© —00 la t1 0 Zz 1 oo

S dts o des [ dts

-
[ T T 1
—00 t1 0 z 1 oo
0 ty 1
f—oo dt; f—oo dtr ftl dtz
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The integrand [t (t1 — z)(ts — 1)tiot13t23] 2*> has a problem with
J2dty [ dt [} dts.
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The integrand [t (t1 — z)(ts — 1)tiot13t23] 2*> has a problem with
J2dty [ dt [} dts.

-0 1 0 z 1 o
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Contour validation
The integrand [t (t1 — z)(ts — 1)tiot13t23] 2*> has a problem with
J2dty [ dt [} dts.
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Contour validation
The integrand [t (t1 — z)(ts — 1)tiot13t23] 2*> has a problem with
J2dty [ dt [} dts.

—o0 11 0 z 1 oo
T T T T T 1 [T1 T 1 T 7 T 1 T T T T 71
—00 t to 0z 1 00 =00 t1 0 to z 1 00 —00 t1 0 2z t 0 —o00 0 z 1
Bad Bad Bad Good
t; interval ‘ tr interval

(=00,0) | (=00, 1), (11,0), (0,1), (1,00)
(0.2) | (=2,0), (0,1). (t1.1), (1,00)
(z,1) | (=00,0), (0, t1), (t1,1), (1,00)

(Lod) | (=00.0), (0.1), (L ), (t1.00)

Returning to the 16 contour problem, 8 relations are easy.

0 (51 - 0 - 1 - 0o
/ dt]_ |:/ + e:i:27rla_ / +e:i:47rla_ / +e:i:67rla_ / :| dtz =0
—00 —00 t1 0 1



Finishing the example
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0 —00
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Finishing the example
Trying [tl(tl — Z)(tl — 1)t2(t2 — 1)1‘12]720‘2— with t first,

1 0 . tr?27?
/ dtr {/ dt1+ei2’”a/ dt1+..l =0.
0 —00 0

Split (0,1) = (0,z) U(z,1) even though t; — z is non-singular.

1 0 z Loria? tr Lania? z Lemia? 1
/dtz/ dt1+/ dt [e e / +e = / +e - /}dtﬁ-
0 —o00 0 0
! +2ria? z +4ria? 2 j:ﬁ +8
/ dtr |:e _/ +e _/ miaZ /:|C|t1 + e miaZ / dtz/ dt; =0
z 0 z



Finishing the example
Trying [tl(tl — Z)(tl — 1)t2(t2 — 1)1‘12]720‘2— with t first,

1 0 . 727
/ dtr {/ dt1+ei2’”a/ dt1+..l =0.
0 —00 0

Split (0,1) = (0,z) U(z,1) even though t; — z is non-singular.

to i z i 1
/ dtQ/ dtl +/ dt2 |: +2ria? / +ei47'rla2 / +e +6mia’ / :l dt1+
0
z ty
/ dt2 |:ei27rla / te +aria? / j:GTrloz / :| dtl + ej:87'rlo¢ / dtz/ dtl =0
z 0 z

Change of order makes this

0 1 L, oo 1
/ dt1/ dt2—|—ei87”a*/ dt1/ dtr+
—o0 0 1 0
X z z X z 51 i 1 z
eﬂ’””&/ dt1/ dt2+ei47”°‘2*/ dt1/ dt2+ei6"'a27/ dtl/ dir+
0 t 0 0 2 0
L,z 1 ol 1 Lot t
eiQma?/ dt1/ dt2+ei4ma*/ dtl/ dtz—‘reiﬁmaf/ dt1/ dt, = 0.
0 z z 51 z z



Finishing the example
Trying [tl(tl — Z)(tl — 1)t2(t2 — 1)1‘12]720‘2— with t first,

1 0 . 727
/ dtr {/ dt1+ei2’”a/ dt1+..l =0.
0 —00 0

Split (0,1) = (0,z) U(z,1) even though t; — z is non-singular.

to i z i 1
/ dtQ/ dtl +/ dt2 |: +2ria? / +ei47'rla2 / +e +6mia’ / :l dt1+
0
z ty
/ dt2 |:ei27rla / te +aria? / j:GTrloz / :| dtl + ej:87'rlo¢ / dtz/ dtl =0
z 0 z

Change of order makes this

0 1 vomia? [ 1
/ dt1/ dty + e 8’””/ dt1/ dtr+
—oo 0 1 0
+omia? [ ‘ +amia? [© " tomia? [ ‘
e ”"“/ dt1/ dt, + e ’”“*/ dt1/ dt, + e ’”“*/ dtl/ dtr+
0 t 0 0 z 0
iz [* 1 variz [t 1 voriaz [t t
e 27“(‘*/ dt1/ dtr + e 47”&*/ dtl/ dt, + e 67”(1*/ dt1/ dt, = 0.
0 z z 51 z z



Finishing the example
Trying [tl(tl — Z)(tl — 1)t2(t2 — 1)1‘12]720‘2— with t first,

1 0 . 727
/ dtr {/ dt1+ei2’”a/ dt1+..l =0.
0 —00 0

Split (0,1) = (0,z) U(z,1) even though t; — z is non-singular.

to i z i 1
/ dtQ/ dtl +/ dt2 |: +2ria? / +ei47'rla2 / +e +6mia’ / :l dt1+
0
z ty
/ dt2 |:ei27rla / te +aria? / j:GTrloz / :| dtl + ej:87'rlo¢ / dtz/ dtl =0
z 0 z

Change of order makes this

0 1 , poo 1
/ dt1/ dt2+ei8’”af/ dt1/ dtr+
—o0 0
tomia [° ' +aria? +6 ! "
e ma*/ dtl/ dtr + e e~ / dtl/ dtr + e mial / dtl/ dtr+
0 t z 0
ei‘hiai/ dtl/ dt> =0.



Symmetry relations

The ways to reorder n integrals are elements of G Sn.
Screening charge assignment of V' ...V, k@) hag symmetry

a_oq a— arank(g
group H =5, x---x Snrank(g)'
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Symmetry relations

The ways to reorder n integrals are elements of G Sn.
Screening charge assignment of V' ...V, k@) hag symmetry

a_oq a— arank(g
group H =5, x---x Snrank(g)-

P o Y a— «——u  —

(6(0:0,1,0)(0)8(0.0,1,0)(2)D(0,0,1,0) (1) D (0:0,1,0)(20)) = j{dtldtzdhdm
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Algorithm generates 180 contours, 90 after symmetries, 10 after
easy relations, 3 after hard relations.



Symmetry relations

The ways to reorder n integrals are elements of G Sn.
Screening charge assignment of V7 , ...V, k@) hag symmetry

o— arank(g
group H =5, x---x Snrank(g)-

P o Y a— «——u  —

(6(0:0,1,0)(0)8(0.0,1,0)(2)D(0,0,1,0) (1) D (0:0,1,0)(20)) = j{dtldtzdhdm

_ 402 _
[tltz(tl — Z)(tg — Z)(tl — 1)(t2 — 1)] 202 tlza [t13t14t23t24] 202
Algorithm generates 180 contours, 90 after symmetries, 10 after
easy relations, 3 after hard relations.
o [Fdty [ dta |, dt3 dt4=>¢0000)
° [5dt fl dto [, dt3 OIt4=>¢>(0101)
o [dt [[*dt |, dt3 dt4=>¢(0020)



Good and bad mixed correlators

® We can extract Cyy, from (HHHH) but (HHLL) is better.

¢ To get different powers of z, at least one V,,_,,(t) must be
integrated from 0O to z.

* Consider ((0,,)(0)#(0:2,)(2)D(0:23) (1) P(0:7,)(00) ). Left end
on 0 = (A\1,;) #0. Right end on z = (A2, ;) # 0.



Good and bad mixed correlators

® We can extract Cyy, from (HHHH) but (HHLL) is better.

¢ To get different powers of z, at least one V,,_,,(t) must be
integrated from 0O to z.

® Consider <¢(0;)\1)(0)¢(0;)\2)(Z)¢(0;)\3)(1)¢(0;)\4)(OO)>' Left end
on 0 = (A\1,;) #0. Right end on z = (A2, ;) # 0.

We still need the matrix elements a}”), to use formula (2.13) and find the
structure constants X, of the four-point correlation functions. One can check that
the technique, which is used above, does not lead to easy calculations in the case of

the matrix elements a,,,. So, we use an alternative way.



The other crossing matrix derivation

Virasoro basis element with y =1 — z.

00 tm—1 1-y th—1
I*(y):/ dtl---/ dtm/ dtm+1---/ dt,
1 1 0 0

m

[[t7@-1+y)" H (1 -y— )1 —t) [

i=1 i=m+1 i<j
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m
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With tp41,... t,, perform t; — 1 — t;y on first /.
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The other crossing matrix derivation

Virasoro basis element with y =1 — z.

00 tm—1 1-y th—1
I*(y):/ dtl---/ dtm/ dtm+1---/ dt,
1 1 0 0

m

[[t7@-1+y)" H (1 -y— )1 —t) [

i=1 i=m+1

With ty,...ty,, perform t; — 1+ t;y on all of them.
With tp41,... t,, perform t; — 1 — t;y on all of them.

i<j



The other crossing matrix derivation
Virasoro basis element with y =1 — z.

00 tm—1 1y 1y
/*(y):yn[(n—l)q+b+6+1]/ dtl"‘/ dtm/ dtm+1~--/ dt,
0 0 1 th—1

n

ﬁ(l +ty)? (6 + 1% [ (1 tiy)?(6 - 1)°tF
i=1

i=m+1
m n m n
2q 2q . N2q
[T IT &11 II s+
ij=1 ij=m+1 i=1j=m+1
i<j i<j

With ty,...ty,, perform t; — 1+ t;y on all of them.
With tp41,... ty, perform t; — 1 — t;y on all of them.



The other crossing matrix derivation

Virasoro basis element with y =1 — z.

o0 tm—1 o0
I*(y)%y”[(”‘l)q”*c*”/ dtl---/o dtm/l dtmy1- -

0
m n
[T+ 0Pt IT (6 - 1)
i=1 i=m+1
m n m n
2 2 5
II4° II 711 II (a+e)
ij=1  ij=m+1  i=1j=m+1
i<j i<j

With tq, ... ty, perform t; — 1+ t;y on all of them.
With tp41,... t,, perform t; — 1 — t;y on all of them.
We can now zoom in on a single power of y.



The other crossing matrix derivation

Virasoro basis element with y =1 — z.

o0 tm—1 o0
I*(y)%y”[(”‘l)q”*c*”/ dt1--~/0 dtm/l dtmy1- -

0
m n
[T+ 0Pt IT (6 - 1)
i=1 i=m+1
m n m n
2 2 5
II4° II 711 II (a+e)
ij=1  ij=m+1  i=1j=m+1
i<j i<j

With tq, ... ty, perform t; — 1+ t;y on all of them.
With tp41,... t,, perform t; — 1 — t;y on all of them.
We can now zoom in on a single power of y.

Does not increase difficulty of € = 22 — 1 expansion.



A bad mixed correlator

Two exchanged blocks but only one possible local exponent.

2

(6(0:1,0)9(0:0,1)P(0:1,0)P(0:0,1)) = ]{dtldl? [t1(t2 — 2)(t1 — 1)t1a] 2%~
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Monodromy relations narrow the basis down to two integrals.
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A bad mixed correlator

Two exchanged blocks but only one possible local exponent.

2

(6(0:1,0)9(0:0,1)P(0:1,0)P(0:0,1)) = ]{dtldl? [t1(t2 — 2)(t1 — 1)t1a] 2%~

Monodromy relations narrow the basis down to two integrals.

0 t1 o) z
Il(Z):/ dtl/ dtr..., /2(2):/ dtl/ dir ...
—0 —0o0 1 —00

Crossing symmetry only fixes Xo = Xj.

G(z,2)

2| 3o

= Xolh(2)h(2)* + h(2)*h(2)] + Xa|h(2)]* + Xa| (2)[?

a?

Exchanges of ¢(q.1,1) and ¢(q;0,0) correspond to z% and z°7°



A bad mixed correlator

For small z in s-channel and small y in t-channel,

1 1

h(z) = =350z —pplt + 0@ h(2) = Gyl + 0L



A bad mixed correlator

For small z in s-channel and small y in t-channel,

h(z) = —M[1+ 0(), h(z) = M[H 0(2)].
h(y) = (2(12_1_1)2[1 + O(y)]
b = =3 — gl + O+ G =gy ™ [+ O]
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h(z) = —M[1+ 0(), h(z) = M[H 0(2)].
h(y) = (2(12_1_1)2[1 + O(y)]
b = =3 — gl + O+ G =gy ™ [+ O]

Trivial monodromy in y now fixes Xo = %XZ
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A bad mixed correlator

For small z in s-channel and small y in t-channel,

h(z) = —M[H 0(), h(z) = M[H 0(2)].
h(y) = (2(12_1_1)2[1 + O(y)]
b = =3 — gl + O+ G =gy ™ [+ O]

Trivial monodromy in y now fixes Xo = %XZ

G Z,Z 2 *
éiz_)zl = (202 —1)* [|/1(Z)|2 +|k(2)? + S Reh(2)h(2)
2|5 3

1 1 21

D ‘2‘16062774 |:4 + Z + 34:| , Z— 00?



Expanding in the u-channel

First step in verifying C(((?(?f))(oo )= \/g comes from t; — (zt;) !

'1< )— / > / e [ (1-2) (z)—(n)é;- hz)] 7
8a —

m[l‘i‘ 0(z)]




Expanding in the u-channel

First step in verifying C(((?(?f))(oo )= \/g comes from t; — (zt;) ™!

'1< )— /0 > / e [ (1-2) (Z)—(rl)tS2 nz)] 7
8a —

5[1+ 0(2)]

2(2a% —1)2
For the next integral, try t; — t;/z.

1 e} 1
I <> 22_2/ dtl/ dir ...
z z —00



Expanding in the u-channel

First step in verifying C(((?(?f))(oo )= \/g comes from t; — (zt;) !

(- [ e

_
©2(202 —1)2

For the next integral, try t; — t;/z.

1 1 t1 1 1 o0 1
h <> =z7? [/ dtl/ dt2+/ dtl/ dt2—|—/ dtl/ dtg]
z z —00 z t 1 —00

;[1+0(2)]



Expanding in the u-channel

First step in verifying C(((?(?f))(oo )= \/g comes from t; — (zt;) ™!

(- [ e

_
©2(202 —1)2

For the next integral, try t; — t;/z.

()l Lo oo [T ]

;[1+0(2)]

Write integrand as (“72) —2a2 [le lz2tz tIZZ] = or
it (1) [415 0] o g

b (i) :(228:2’__1)<1 24 )[1+O(z)]



The real test
Extending preturbative results of [potsenko, Nguyen, Santachiara; hep-th/0104197]

. (0;0,1,0,0,0,0) . N . N
requires C(5:0500,0,1)(0:0,0,0,0,0,1) N W0e]. Start with W[04].
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. (0;0,1,0,0,0,0) . N . N
requires C(5:0500,0,1)(0:0,0,0,0,0,1) N W0e]. Start with W[04].

(V(0)S(2)V(1)S(o0)) has 24 integrals and 22 relations.

Exchanged ¢(0,0,0,1,0) is only in /1(z).

Exchanged ¢(01,0,0,1) lives in /1(z) and image under z <+ 1 — z.

(V(0)V(2)S(1)S(0)) has 648 integrals but only 632 relations.



The real test
Extending preturbative results of [potsenko, Nguyen, Santachiara; hep-th/0104197]

. (0;0,1,0,0,0,0) . N . N
requires C(5:0500,0,1)(0:0,0,0,0,0,1) N W0e]. Start with W[04].

(V(0)S(2)V(1)S(o0)) has 24 integrals and 22 relations.

Exchanged ¢(0,0,0,1,0) is only in /1(z).

Exchanged ¢(01,0,0,1) lives in /1(z) and image under z <+ 1 — z.

(V(0)V(2)S(1)S(0)) has 648 integrals but only 632 relations.
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One integral has 2871~ for ¢0.0.0.0,0).
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The real test
Extending preturbative results of [potsenko, Nguyen, Santachiara; hep-th/0104197]

: 0;0,1,0,0,0,0 . N . N
requires C((o;o,0,0,0,0,1))(0;0,0,070,0,1) in W[og]. Start with W{04].

(V(0)S(2)V(1)S(o0)) has 24 integrals and 22 relations.

Exchanged ¢(0,0,0,1,0) is only in /1(z).

Exchanged ¢(01,0,0,1) lives in /1(z) and image under z <+ 1 — z.
(V(0)V(2)S(1)S(0)) has 648 integrals but only 632 relations.

. _ 2
One integral has 2871~ for ¢0.0.0.0,0).

z t1 t t3 t3 t3
I1(z):/ dtl/ dt2/ dt3/ dt4/ dt5/ dts . ..
0 0 ty ty ty ty

Eight have z1~°> for ¢(0,10,0), four can help us cancel y%73~8%.

0 z ty t ty ty
/2(2) Z/ dtl/ dl’2/ dt3/ dt4/ dts/ dtg...?
—oo 0 —oo t] t3 t3

*or (202 —1)75.

Others lead to “weird” numbers including (202 — 1)~



The real test
Extending preturbative results of [potsenko, Nguyen, Santachiara; hep-th/0104197]

. (0;0,1,0,0,0,0) . A . N
requires C(5:0500,0,1)(0:0,0,0,0,0,1) N W0e]. Start with W[04].

(V(0)S(2)V(1)S(o0)) has 1536 integrals and 1528 relations.

Exchanged ¢(0,0,0,0,0,1,0) is only in (z).
Exchanged ¢(0,1,0,0,0,0,1) lives in /1(z) and image under z <+ 1 — z.

(V(0)V(2)S(1)S(0)) has 40992 integrals, not enough relations.

10—2402

One integral has z for ¢(0;0,070’070,0).

z t1 t1 t3 t3 ts ts t7 t7 t7
Il(z):/ dtl/ dtz/ dt3/ dt4/ dt5/ dtﬁ/ dt7/ dtg/ dtg/ dtip .
0 0 ty ty ty ty tg te tg tg

1—40? 0)75712(12

Many have z

0 z ty t t3 ty ts te tg tg
/2(2) 2/ dtl/ dtz/ dt3/ dt4/ dts/ dtﬁ/ dl’7/ dts/ dtg/ d
—o0 0 —o0 t —o0 t3 —o0 ts t7 t7

Others lead to “weird” numbers including (202 — 1)78 or (2% —1)~°.

for ¢(0,0,1,0,0,0,0), fewer can help us cancel y



The real test

(0:0.0.1,0) =2 in W[d4],

To reproduce Cg3500)(0:0,0,0,1)

N2 (2)P + XN 2 () = X = 5.

. _ (00,100 (0:0.1,0.0)
Notice that X = C(0;1’070,0)(0;1,0,O,0) C(O;O,O,O,l)(0:0,070’1)!



The real test

0,0,0,1,0 . A
To reproduce C((O;1’070’0))(0;070’071) =2 in W[04],
7
N2 h(2)]2 + XNy 2| h(2))? = X = 7
: _ (0;0,1,0,0) (0;0,1,0,0)
Notice that X' = Cg1.00,0)(0:1,00,0) €(0:0,0.0,1)(0:0.0,0,1)’
(0;0,0,0,0,1,0) _ : 3
To reproduce C(o;1,0,0,0,0,0)(0;0,0,0,0,0,1) =3 in W[os],

N2 h(2)]? + YN 2 h(2)]? = ¥ = 11.

(0:0.1,0.0,0,0) _ 11 /33

If Y is similarly special, (0:0,0.0,0,0,1)(0:0,0,0,0,0.1) = 10/ 2



The real test

0;0,0,1,0 , A
To reproduce C((O;1’070’0))(0;070,071) =2 in W[04],

N2 h(2)]2 4+ XNS 2| h(2)]? = X = —.
. _ ~(0,0,1,0,0) (0:0,1,0,0)
Notice that X' = C (51 .0,0)(0:1.0,00) €(0:0.0,0,1)(0:0,00.1)"
(0;0,0,0,0,1,0) A A
To reproduce C(o;1,0,0,0,0,0)(0;0,0,0,0,0,1) =3 in W[os],

N2 h(2)]? + YN 2 h(2)]? = ¥ = 11.

e . (0;0,1,0,0,0,0) _ 1 /33
If Y is similarly special, C(0;070’070’071)(0;0’070’070’1) = 5\ 5

® The “Coulomb gas method” is really three.
o All still needed pending a breakthrough in special functions.

® Most parts are now algorithmic but some puzzles remain.



