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Conformal field theory

More symmetric than a “typical” QFT:

. -
Translations Xy, = Xu + ay
Rotations x;L =N %
o o
Dilations X, = AX, .
. . Xu—bux
Special Xu = T 2bxtb?x?
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Conformal field theory

More symmetric than a “typical” QFT: 21
. -
Translations | x;, = x, + a, o
Rotations xj, = Nyjx, 4
H H !/ -
Dilations X, = Axy . i
- ! Xu—bux Sz 2 1 0 1 2 3
Special X = T 2bxtb?x2
Local operators in SO(d + 1,1) irrep: bu.=(1,0)

1
Oy (X) )‘_AOM---M()‘X) /&%\
Regard CFT as a set of correlation °
functions with three properties.
o (¢(x1)d(x)) = 1o

o (p1(x1)P2(x2)93(x3)) = ‘X12|A1+A27A3‘X23|A/;£3237A1‘X13|A1+A37A2
o ¢1(xa)d2(x) =2 0o WC@) (x12,02) O (xy)
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Conformal bootstrap

(P1(x1)P2(x2)@3(x3)Pa(xa)) includes unknown function of

X
u= 22" and v = 328 but there are two ways to compute it!
3% X{3%5
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Conformal bootstrap

(p1(x1)P2(x2)P3(x3)Pa(xq)) includes unknown function of

X
u= 23 and v = % but there are two ways to compute it!
X354 X{3%54

2 4 2 4

1 3 1 3
2 u, v v, u
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Conformal bootstrap

(p1(x1)P2(x2)P3(x3)Pa(xq)) includes unknown function of

X1 X: X
u= 22" and v = 328 but there are two ways to compute it!
3% X{3%5

2 4 2 4

1 3 1 3
2 u, v v, u
20 X0 G0l V) = (p(x1)P(x2)P(x3)P(xa)) = 2o )\MOGO( )

|X12|2A¢‘X34‘2A¢ ‘X14|2A¢]X23]2A¢

Sum over O must include operatos in certain ranges for crossing
symmetry to have a solution. [Rattazzi, Rychkov, Tonni, Vichi; 0807.0004]

Z)‘MO V29 Go (u, v) — uP* Go(v, u)] =0
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Theories bootstrapped in the past
H = —JZU;UJ-

(i)
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Theories bootstrapped in the past
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Theories bootstrapped in the past
o;0;
JZ J‘{H—s

H = —JZU,‘UJ ’7’51
(i) Some dimensions known.
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(o(No(0) = e "ler NEEY
T-T. e
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Perturbative control for large and
CFT at T Wlth oXoD 1 + € Sma” S. [CB, Rastelli, Rychkov, Zan; 1703.05325]
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Theories bootstrapped in the past
o;0;
JZ J‘ZH—S

H = —JZU,‘UJ' ’7’51
i Some dimensions known.
(0(r)o(0)) = e "/4r A d+
Axa Aa = u

T-—T, B 2
< (57)
Perturbative control for large and

CFT at TC Wlth oXoD 1 + €. SrT;Ia” S. [CB, Rastelli, Rychkov, Zan; 1703.05325]
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Theories with a bootstrap yet to come

‘Iogu‘
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Theories with a bootstrap yet to come

o
Coupling runs according to (g),

g, & g’

du 1672 2t
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Theories with a bootstrap yet to come

o
Coupling runs according to (g),

3 g5
167 2+Bl(167r2)

With G = SU(N,), fundamental
fermions and no scalars,

7_60 2+...

11 2
= —N.+=N
Bo 3 +3 f
34 10 NZ —
= —°N? N, +2 N
B1 3 C+<3 + N > f
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Theories with a bootstrap yet to come

logp

Make (1 cancel 8y by picking gs.

o
Coupling runs according to (g),

23 g5 g2 ~Bo
= = 2
/80 167 2 +B1(167T2)2+ 167 51
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Theories with a bootstrap yet to come

‘Iogu‘

Coupling runs according to (g),

3 g5
162+&(mwa

With G = SU(N,), fundamental
fermions and no scalars,
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Conformal manifolds

Special theories have 3(g) = 0 for any g.
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Conformal manifolds

Special theories have 3(g) = 0 for any g.
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Conformal manifolds

Special theories have B( ) =0 for any g.

X - OX,
- )0X,, - 0X,dodt

Conformality requires R/w = 0 but there could be moduli.
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Conformal manifolds

Special theories have ﬁ( ) =0 for any g.
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Conformal manifolds

Special theories have 3(g) = 0 for any g.

1
= m(X)oX, - 0X,
S 47r0//RzG (X)X, - 0X,dodT
Conformality requires R, = 0 but there could be moduli.
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Conformal manifolds

Special theories have ﬁ( ) =0 for any g.

)0X,, - 0X,dodT

47ra

Conformality requires R/w = 0 but there could be moduli.

N = 4 Super AA e W
Yang-Mills o\ Pt @t
L2 (mL)? = A(A — d)

ds® = 2 (dz2 + Ny dx*dx”)

C D

A = d from symmetry breaking.

[Carmi, Di Pietro, Komatsu; 1810.04185]
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Flow by adding [ 6gOdx

5A; = 0gA ({A},{\}) + 0(5g?)
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Flow by adding [ 6gOdx

5A; = 6gAI({A},{A}) + O(dg?)
Ik 5gBijk ({A}, {\}) + O(6g?)
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Flow by adding [ 6gOdx
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N = 08B ({2}, {A}) + 0(6g%) derjx = By ({2}, {A})
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Flow by adding [ 6gOdx

S0, = JgA ({A}Y, I\ +0(5g?)  9:4; = A ({A}L{N)
N = 08B ({2}, {A}) + 0(6g%) derjx = By ({2}, {A})

Conformal perturbation theory says that:

(O1...00) g 15g = <01 ...Opexp V 6g@dx]>
g

A and B are integrals of three and four-point functions!

ghj = _Sd—l)‘ii@
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Flow by adding [ 6gOdx

S0, = JgA ({A}Y, I\ +0(5g?)  9:4; = A ({A}L{N)
N = 08B ({2}, {A}) + 0(6g%) derjx = By ({2}, {A})

Conformal perturbation theory says that:

(O1...00) g 15g = <01 ...Opexp V 6g@dx]>
g

A and B are integrals of three and four-point functions!

Oghi = —S5d-1X;p
O = /<O;(O)@(X)Oj(é)0k(oo)> dx
Go(u,v) Go(v, u)
= Z [)‘i@O)‘jkO < x|Ad dX"‘)‘jéo)‘ikO/T A+d dx

0 [x
G(')(l/uv V/U)
+)‘k@0/\fjo/u |x|Bitd dx
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SYK-like models

1 d ; 1 . i
S= /2XidTX' + EJUk/XIXJXkXIdT : <Jijk/JJkI> =312/N3
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SYK-like models
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S= /2XidTX' + EJUk/XIXJXkXIdT : <Jijk/JJkI> =312/N3

= 0(1) e = 0(1)

Connor Behan New tools for conformal manifolds in one and two dimensions
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SYK-like models

1 d ; 1 . i
S= /2XidTX' + EJUk/XIXJXkXIdT : <Jijk/JJkI> =312/N3

)

= 0(1) O = 0(1)
& £
o —on -0 (})
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SYK-like models

1 d ; 1 . i
S= /2XidTX' + EJUk/XIXJXkXIdT : <Jijk/JJkI> =312/N3

JaR
= O(l) N\ = O(l)
D £
N =0(1) i =0 (%)
Kinetic term — ngn(T]_Q)X,'(T]_)Xi(TQ)%. [Gross, Rosenhaus; 1706.07015]
T12|2
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Interaction term — —% [ x12sna g n2iasia y 3123054\ 1412415 7 (witen; 1610.09758]
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SYK-like models

1 d ; 1 . i
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SYK-like models

1 d ; 1 . i
S= /2XidTX' + EJUk/XIXJXkXIdT : <Jijk/JJkI> =312/N3

JaR
= O(l) N\ = O(l)
D £
N =0(1) i =0 (%)
Kinetic term — ngn(T]_Q)X,'(T]_)Xi(TQ)%. [Gross, Rosenhaus; 1706.07015]
T12|2

Interaction term —» L [ yiizhsiieyhabaiey fisiaisay haizelis - wien; 1610.00756]
N2
Jo Jl
Sint = M [X1X2X3X4]®dT+F [xixaxixa + ... |gd7
2 2

J J
+ ﬁé/[XleXle + .. ]mdT + WZ/[X1X1X2X2 +.. . mdr
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SYK-like models

1 d ; 1 . i
S= /2XidTX' + EJUk/XIXJXkXIdT : <Jijk/JJkI> =312/N3

JaR
= O(l) N\ = O(l)
D £
N =0(1) i =0 (%)
Kinetic term — ngn(T]_Q)X,'(T]_)Xi(TQ)%. [Gross, Rosenhaus; 1706.07015]
T12|2

Interaction term — —% [ x12sna g n2iasia y 3123054\ 1412415 7 (witen; 1610.09758]
N2

J J
Sint = %/[X1X2X3X4]®d7+ %/[XleXle + ... |xdr
Nz N2

J J
+ ﬁé/[XleXle + .. ]mdT + WZ/[X1X1X2X2 +.. . mdr

S JoJ L+h+h Pt Pt hods
50NTII§ ’&Ni:/g L fo ~ A By~ TR
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Free boson with a boundary deformation

Pieces of ®(z,z) = X(z) + X(Z) agree on Neumann boundary.

S 5+/ gei\/ﬁX(x)_'_ge—iﬁX(x)dX

z
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Free boson with a boundary deformation

Pieces of ®(z,z) = X(z) + X(Z) agree on Neumann boundary.
5,_>5+/ I VEX() | geiVAX() gy

If & ~ &+ 27R = & + 2¢/27N, the spectrum contains:

G () e ) T

27i
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Free boson with a boundary deformation

Pieces of ®(z,z) = X(z) + X(Z) agree on Neumann boundary.
5,_>5+/ I VEX() | geiVAX() gy

If & ~ &+ 27R = & + 2¢/27N, the spectrum contains:

e . d
V. (2)eVIXE) 4 (2) o f{elﬁx(w)l/’f,m(z)z:,'
One-point (O O]B can be combined into boundary state.
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Free boson with a boundary deformation
Pieces of ®(z,z) = X(z) + X(Z) agree on Neumann boundary.

S5 [ eV 4 geVXgy

If & ~ &+ 27R = & + 2¢/27N, the spectrum contains:

G () e ) T

One-point (O O]B can be combined into boundary state.

_onT
Zjo,11x[0,T] = <B|e L H\B>

[Callan, Klebanov, Ludwig, Maldacena; hep-th/9402113]
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Instantons (with Rastelli, Roumpedakis)

N\
e
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Instantons (with Rastelli, Roumpedakis)

‘/\V o X*(z) anti-periodic around A(z), A(z)

@ H(z) anti-periodic around 5%(z)
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Instantons (with Rastelli, Roumpedakis)

‘/\V o X*(z) anti-periodic around A(z), A(z)

@ H(z) anti-periodic around 5%(z)

Dimension-1 operator producing twisted states:

Vi + Vi = woa G_1AS5%(2) + Wo G_1AS%(2)

2 2
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Instantons (with Rastelli, Roumpedakis)

‘/\V o X*(z) anti-periodic around A(z), A(z)

@ H(z) anti-periodic around 5%(z)

Dimension-1 operator producing twisted states:

Vi + Vi = woa G_1AS5%(2) + Wo G_1AS%(2)

-2 -2
Should control moduli in instanton solution:

2.V
a_ (= \a px
Au(x)5 = (G) X2(x2 + p?)
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Instantons (with Rastelli, Roumpedakis)

‘/\V o X*(z) anti-periodic around A(z), A(z)

@ H(z) anti-periodic around 5%(z)

Dimension-1 operator producing twisted states:

Vi + Vi = woa G_1AS5%(2) + Wo G_1AS%(2)

-2 -2
Should control moduli in instanton solution:

2,V 2,V
— pX _ pPX
AM(X)g = (Uuy)gm = (Uﬂy)gT +...

[Billo, Frau, Fucito, Lerda, Liccardo, Pesando; hep-th/0211250]
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Instantons (with Rastelli, Roumpedakis)

‘/\V o X*(z) anti-periodic around A(z), A(z)

@ H(z) anti-periodic around 5%(z)

Dimension-1 operator producing twisted states:

Vi + Vi = woa G_1AS5%(2) + Wo G_1AS%(2)

-3 -3
Should control moduli in instanton solution:
p2XV _ ap2XV

AM(X)g = (5uy)gm = (Uﬂy)ﬁT +...

[Billo, Frau, Fucito, Lerda, Liccardo, Pesando; hep-th/0211250]

Root vectors of SO(8) appear at R = /2!

VW + VW = exp [IO{ ' (d)lv ¢27 ¢35 ¢4a ¢57 ¢6)]
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Conclusions

@ Several theories can benefit from more bootstrap-like
approaches.

o A system of differential equations controls the data along a
conformal manifold.

@ Promising targets include SYK-like models, BCFTs in
d =141 and the D-instanton.

@ Non-linear sigma models, N’ = 4 SYM and AdS Goldstones
could be next.
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