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Conformal field theory

More symmetric than a “typical” QFT:
Translations x ′µ = xµ + aµ
Rotations x ′µ = Λνµxν
Dilations x ′µ = λxµ

Special x ′µ =
xµ−bµx2

1−2b·x+b2x2

Local operators in SO(d + 1, 1) irrep:

Oµ1...µ`(x) 7→ λ−∆Oµ1...µ`(λx)

Regard CFT as a set of correlation
functions with three properties.
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Conformal bootstrap

〈φ1(x1)φ2(x2)φ3(x3)φ4(x4)〉 includes unknown function of

u =
x2

12x
2
34

x2
13x

2
24

and v =
x2

14x
2
23

x2
13x

2
24

but there are two ways to compute it!
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∑
O λ

2
φφOGO(u, v)

|x12|2∆φ |x34|2∆φ
= 〈φ(x1)φ(x2)φ(x3)φ(x4)〉 =

∑
O λ

2
φφOGO(v , u)

|x14|2∆φ |x23|2∆φ

Sum over O must include operatos in certain ranges for crossing
symmetry to have a solution. [Rattazzi, Rychkov, Tonni, Vichi; 0807.0004]∑

O
λ2
φφO

[
v∆φGO(u, v)− u∆φGO(v , u)

]
= 0
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Theories bootstrapped in the past

H = −J
∑
〈i ,j〉

σiσj

〈σ(r)σ(0)〉 = e−r/ξr−2∆σ

ξ ∝
(
T − Tc

T

) 1
∆ε−d

CFT at Tc with σ × σ ⊃ 1 + ε.

[Kos, Poland, Simmons-Duffin; 1406.4858]

H = −J
∑
i 6=j

σiσj
|i − j |d+s

Some dimensions known.

∆χ,∆σ =
d ± s

2

Perturbative control for large and
small s. [CB, Rastelli, Rychkov, Zan; 1703.05325]

[CB; 1810.07199]
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Theories with a bootstrap yet to come

logµ

g

Coupling runs according to β(g),

µ
dg

dµ
= β0

g3

16π2
+β1

g5

(16π2)2
+. . .

With G = SU(Nc), fundamental
fermions and no scalars,

β0 = −11

3
Nc +

2

3
Nf

β1 = −34

3
N2
c +

(
10

3
Nc + 2

N2
c − 1

Nc

)
Nf

logµ

g

Make β1 cancel β0 by picking g∗.

g2
∗

16π2
= −β0

β1

≈ 11Nc − 2Nf

16NcNf − 34N2
c

Small provided Nc ∼ Nf � 1.

11111111111?? < Nf <
11

2
Nc

Connor Behan New tools for conformal manifolds in one and two dimensions



Theories with a bootstrap yet to come

logµ

g

Coupling runs according to β(g),

µ
dg

dµ
= β0

g3

16π2
+β1

g5

(16π2)2
+. . .

With G = SU(Nc), fundamental
fermions and no scalars,

β0 = −11

3
Nc +

2

3
Nf

β1 = −34

3
N2
c +

(
10

3
Nc + 2

N2
c − 1

Nc

)
Nf

logµ

g

Make β1 cancel β0 by picking g∗.

g2
∗

16π2
= −β0

β1

≈ 11Nc − 2Nf

16NcNf − 34N2
c

Small provided Nc ∼ Nf � 1.

11111111111?? < Nf <
11

2
Nc

Connor Behan New tools for conformal manifolds in one and two dimensions



Theories with a bootstrap yet to come

logµ

g

Coupling runs according to β(g),

µ
dg

dµ
= β0

g3

16π2
+β1

g5

(16π2)2
+. . .

With G = SU(Nc), fundamental
fermions and no scalars,

β0 = −11

3
Nc +

2

3
Nf

β1 = −34

3
N2
c +

(
10

3
Nc + 2

N2
c − 1

Nc

)
Nf

logµ

g

Make β1 cancel β0 by picking g∗.

g2
∗

16π2
= −β0

β1

≈ 11Nc − 2Nf

16NcNf − 34N2
c

Small provided Nc ∼ Nf � 1.

11111111111?? < Nf <
11

2
Nc

Connor Behan New tools for conformal manifolds in one and two dimensions



Theories with a bootstrap yet to come

logµ

g

Coupling runs according to β(g),

µ
dg

dµ
= β0

g3

16π2
+β1

g5

(16π2)2
+. . .

With G = SU(Nc), fundamental
fermions and no scalars,

β0 = −11

3
Nc +

2

3
Nf

β1 = −34

3
N2
c +

(
10

3
Nc + 2

N2
c − 1

Nc

)
Nf

logµ

g

Make β1 cancel β0 by picking g∗.

g2
∗

16π2
= −β0

β1

≈ 11Nc − 2Nf

16NcNf − 34N2
c

Small provided Nc ∼ Nf � 1.

11111111111?? < Nf <
11

2
Nc

Connor Behan New tools for conformal manifolds in one and two dimensions



Theories with a bootstrap yet to come

logµ

g

Coupling runs according to β(g),

µ
dg

dµ
= β0

g3

16π2
+β1

g5

(16π2)2
+. . .

With G = SU(Nc), fundamental
fermions and no scalars,

β0 = −11

3
Nc +

2

3
Nf

β1 = −34

3
N2
c +

(
10

3
Nc + 2

N2
c − 1

Nc

)
Nf

logµ

g

Make β1 cancel β0 by picking g∗.

g2
∗

16π2
= −β0

β1

≈ 11Nc − 2Nf

16NcNf − 34N2
c

Small provided Nc ∼ Nf � 1.

11111111111?? < Nf <
11

2
Nc

Connor Behan New tools for conformal manifolds in one and two dimensions



Theories with a bootstrap yet to come

logµ

g

Coupling runs according to β(g),

µ
dg

dµ
= β0

g3

16π2
+β1

g5

(16π2)2
+. . .

With G = SU(Nc), fundamental
fermions and no scalars,

β0 = −11

3
Nc +

2

3
Nf

β1 = −34

3
N2
c +

(
10

3
Nc + 2

N2
c − 1

Nc

)
Nf

logµ

g

Make β1 cancel β0 by picking g∗.

g2
∗

16π2
= −β0

β1

≈ 11Nc − 2Nf

16NcNf − 34N2
c

Small provided Nc ∼ Nf � 1.

11111111111?? < Nf <
11

2
Nc

Connor Behan New tools for conformal manifolds in one and two dimensions



Conformal manifolds

Special theories have β(g) = 0 for any g .

S =
1

4πα′

∫
R2

Gµν(X )∂Xµ · ∂Xνdσdτ

Conformality requires Rµν = 0 but there could be moduli.

N = 4 Super λ Aµ ϕ ψ

Yang-Mills Φ λ̃ ψ̃† ϕ̃†

ds2 =
L2

z2

(
dz2 + ηµνdx

µdxν
)
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∆ = d from symmetry breaking.
[Carmi, Di Pietro, Komatsu; 1810.04185]
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 CFT2
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Flow by adding
∫
δgÔdx

δ∆i = δgAi ({∆}, {λ}) + O(δg2)

δλijk = δgBijk ({∆}, {λ}) + O(δg2)

∂g∆i = Ai ({∆}, {λ})
∂gλijk = Bijk ({∆}, {λ})

Conformal perturbation theory says that:

〈O1 . . .On〉g+δg =

〈
O1 . . .On exp

[∫
δgÔdx

]〉
g

A and B are integrals of three and four-point functions!

∂g∆i = −Sd−1λiiÔ

∂gλijk =

∫ 〈
Oi (0)Ô(x)Oj(ê)Ok(∞)

〉
dx

=
∑
O

[
λiÔOλjkO

∫
S

GO(u, v)

|x |∆i+d
dx + λjÔOλikO

∫
T

GO(v , u)

|x |∆j+d
dx

+λkÔOλijO

∫
U

GO(1/u, v/u)

|x |∆k+d
dx

]
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δgÔdx

]〉
g

A and B are integrals of three and four-point functions!

∂g∆i = −Sd−1λiiÔ
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δgÔdx

]〉
g

A and B are integrals of three and four-point functions!

∂g∆i = −Sd−1λiiÔ
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∂gλijk =

∫ 〈
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SYK-like models

S =

∫
1

2
χi

d

dτ
χi +

1

4!
Jijklχ

iχjχkχldτ ,
〈
JijklJ

ijkl
〉

= 3!J2/N3

= O(1) = O(1)

= O(1) = O
(

1
N

)
Kinetic term 7→

∫
sgn(τ12)χi (τ1)χi (τ2)dτ1dτ2

|τ12|
3
2

. [Gross, Rosenhaus; 1706.07015]

Interaction term 7→ J

N
3
2

∫
χi12i13i14χi12i23i24χi13i23i34χi14i24i34dτ . [Witten; 1610.09758]

Sint =
J0

N
3
2

∫
[χ1χ2χ3χ4]�dτ +

J1

N
3
2

∫
[χ1χ1χ1χ1 + . . . ]�dτ

+
J2

N2

∫
[χ1χ1χ1χ1 + . . . ]�dτ +

J3

N2

∫
[χ1χ1χ2χ2 + . . . ]�dτ

β0 ∼ J1J2

N
5
2

, β1 ∼ J0J3

N
5
2

, β2 ∼ J2
1 +J2

2 +J2
3

N2 , β3 ∼ J2
0 +J2

3 +J2J3

N2
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SYK-like models

S =

∫
1

2
χi

d

dτ
χi +

1

4!
Jijklχ

iχjχkχldτ ,
〈
JijklJ

ijkl
〉

= 3!J2/N3

= O(1) = O(1)

= O(1) = O
(

1
N

)
Kinetic term 7→

∫
sgn(τ12)χi (τ1)χi (τ2)dτ1dτ2

|τ12|
3
2

. [Gross, Rosenhaus; 1706.07015]

Interaction term 7→ J

N
3
2

∫
χi12i13i14χi12i23i24χi13i23i34χi14i24i34dτ . [Witten; 1610.09758]

Sint =
J0

N
3
2

∫
[χ1χ2χ3χ4]�dτ +

J1

N
3
2

∫
[χ1χ1χ1χ1 + . . . ]�dτ

+
J2

N2

∫
[χ1χ1χ1χ1 + . . . ]�dτ +

J3

N2

∫
[χ1χ1χ2χ2 + . . . ]�dτ
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N
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2
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Free boson with a boundary deformation

Pieces of Φ(z , z̄) = X (z) + X̄ (z̄) agree on Neumann boundary.

S 7→ S +

∫
z=z̄

ge i
√

2X (x) + ḡ e−i
√

2X (x)dx

If Φ ∼ Φ + 2πR = Φ + 2
√

2πN, the spectrum contains:

ψj ,j(z)e i
√

2jX (z) , ψj ,m−1(z) ∝
∮
z
e−i
√

2X (w)ψj ,m(z)
dw

2πi

X

One-point 〈O〉 ≡ 〈O|B〉 can be combined into boundary state.

Z[0,L]×[0,T ] =
〈
B|e−

2πT
L

H |B
〉

[Callan, Klebanov, Ludwig, Maldacena; hep-th/9402113]
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Instantons (with Rastelli, Roumpedakis).

Xµ(z) anti-periodic around ∆(z), ∆̄(z)

ψµ(z) anti-periodic around Sα(z)

Dimension-1 operator producing twisted states:

Vw + Vw̄ = wαG− 1
2
∆Sα(z) + w̄αG− 1

2
∆̄Sα(z)

Should control moduli in instanton solution:

Aµ(x)αβ = (σ̄µν)αβ
ρ2xν

x2(x2 + ρ2)
= (σ̄µν)αβ

ρ2xν

x4
+ . . .

[Billo, Frau, Fucito, Lerda, Liccardo, Pesando; hep-th/0211250]

Root vectors of SO(8) appear at R =
√

2!

Vw + Vw̄ = exp [iα · (φ1, φ2, φ3, φ4, φ5, φ6)]
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Conclusions

Several theories can benefit from more bootstrap-like
approaches.

A system of differential equations controls the data along a
conformal manifold.

Promising targets include SYK-like models, BCFTs in
d = 1 + 1 and the D-instanton.

Non-linear sigma models, N = 4 SYM and AdS Goldstones
could be next.
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